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Abstract
We find a formula for the number of directed 5-cycles in a tournament in terms
of its edge scores and use the formula to find upper and lower bounds on the number
of 5-cycles in any n-tournament. In particular, we show that the maximum number
of 5-cycles is asymptotically equal to 34
(
n
5
)
, the expected number 5-cycles in a ran-
dom tournament (p = 12), with equality (up to order of magnitude) for almost all
tournaments.
1 Introduction
The work of Beineke and Harary [1] bounds the number of strong k-subtournaments in
any n-tournament for k = 3, 4, 5, and consequently the number of k-cycles for k = 3, 4.
David Berman [3, 4], maximized the number of 5-cycles in a narrow family of tournaments
(specifically, those that are “semi-transitive”). More recently, Savchenko [16] has established
bounds on 5-cycles and 6-cycles in regular tournaments. Computing the number of 5-cycles
in a general n-tournament has remained elusive, however. We find an exact formula for the
number of 5-cycles in an n-tournament in terms of its edge scores and use this result to
derive upper and lower bounds on the number of 5-cycles.
It is interesting to note that for k = 4, the maximum number of k-cycles is greater than
the expected number in a random tournament with edge probability p = 1
2
(by a factor of
4
3
) whereas for k = 3 and k = 5 these values are asymptotically equal.
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1.1 Context and motivation
In extremal combinatorics we are frequently interested in determining whether the largest
or smallest possible number of copies of a given object in a graph or tournament is asymp-
totically the same as the expected number of copies of it in a random graph or tournament.
Perhaps the first result in this direction was Goodman’s Theorem (initially stated and
proven by Goodman [8], with the proof later improved upon by Lorden [11]), which states
that the number of complete 3-vertex subgraphs plus the number of 3-vertex independent
sets in an n-vertex graph is at least n(n−1)(n−5)/24, whereas the expected number of such
objects in a random graph (with edge density p = 1
2
) on n vertices is n(n− 1)(n− 2)/24.
This led to the conjecture of Burr and Rosta [5] (extending a conjecture of Erdos [7])
that the sum of the number of complete k-vertex subgraphs and the number of k-vertex
independent sets is minimized at about
(
n
k
)
21−(
k
2), which is the expected number of such
occurences in a random
(
p = 1
2
)
n-vertex graph. Thomason [17] disproved this conjecture
for all k ≥ 4, but other positive results similar to Goodman’s exist (e.g. [6, 9]).
In the setting of tournaments, it was shown by Moon [12], that the number of acyclic
subtournaments on k vertices in an n-vertex tournament is at least
1
2(
k
2)
k−1∏
j=0
(n− 2j + 1),
which is asymptotically the same as the expected number of such occurrences in a random
n-vertex tournament.
For k=3 the result above was initially discovered by Kendall and Babington Smith [10]
using the method of paired comparisons in the context of maximizing the number of 3-cycles
in an n-vertex tournament. We see that an n-vertex tournament will contain no more than
1
24
n(n+ 1)(n−1) 3-cycles when n is odd and 1
24
n(n+ 2)(n−2) 3-cycles when n is even (with
equality holding if and only if the tournament is regular; see, e.g. [1, 2, 10, 13, 14]), which
is approximately the number of 3-cycles that one expects in a random n-vertex tournament.
For k=4, the work of Beineke and Harary [1] shows that there can be no more than
1
48
n(n+ 1)(n− 1)(n− 3) 4-cycles in a tournament on n vertices if n is odd and no more than
2
1
48
n(n+ 2)(n− 2)(n− 3) if n is even, and moreover, that this number can be achieved by a
particular family of tournaments. (See also the work of K. B. Reid on this topic [15].)
One might expect, just as in the case of Thomason’s disproof of Erdos’ conjecture, that
the maximum number of k-cycles in an n-vertex tournament would be asymptotically larger
than the expected number of k-cycles in a random n-vertex tournament for all k ≥ 4. As
a result of our work, however, we see that the maximum number of 5-cycles in an n-vertex
tournament is asymptotically the same as the expected number of 5-cycles in a random
n-vertex tournament.
2 The number of 5-cycles in a tournament
The expected number of (directed) 5-cycles in an n-vertex tournament is given by 3
4
(
n
5
)
. Let
c(T, k) be the number of k-cycles in a tournament T . We will find c(T, 5) for any tournament
T in terms of its edge scores, and show that the maximum number of 5-cycles in a tournament
is always (asymptotically) at most the expected number.
2.1 The number of 5-cycles in a tournament
The edge scores of a tournament T = (V,E) are the ordered 4-tuples (A(u, v), B(u, v), C(u, v), D(u, v))
where we define
• A(u, v) = |{w ∈ V \{u, v}}|(u,w) ∈ E and (v, w) ∈ E}| (i.e. the number of vertices
that both u and v have as out-neighbors)
• B(u, v) = |{w ∈ V \{u, v}}|(w, u) ∈ E and (w, v) ∈ E}|
(i.e. the number of vertices that both u and v have as in-neighbors)
• C(u, v) = |{w ∈ V \{u, v}}|(u,w) ∈ E and (w, v) ∈ E}|
(i.e. the number of vertices that are out-neighbors of u and in-neighbors of v)
• D(u, v) = |{w ∈ V \{u, v}}|(w, u) ∈ E and (v, w) ∈ E}|
(i.e. the number of vertices that form a directed 3-cycle with u and v)
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Figure 1: Visual representations of the vertices counted
by (from left to right) A(u, v), B(u, v), C(u, v), D(u, v)
When there is no possibility of confusion, we will shorten these to simply A,B,C, and
D.
Note that for any edge (u, v) ∈ E,
od(u) = 1 + A(u, v) + C(u, v) (1)
id(u) = B(u, v) +D(u, v) (2)
od(v) = A(u, v) +D(u, v) (3)
id(v) = 1 +B(u, v) + C(u, v) (4)
n−2 = A(u, v) +B(u, v) + C(u, v) +D(u, v) (5)
Theorem 2.1. The number of 5-cycles in an n-tournament T = (V,E) with edge scores
(A(u, v), B(u, v), C(u, v), D(u, v))(u,v)∈E is given by
c(T, 5) =
3
4
(
n
5
)
− 1
8
∑
(u,v)∈E
[(C+D)(A−B)2 + (A+B)(C−D)2] + 1
4
∑
(u,v)∈E
(A+B)(C+D).
where, for notational convenience, A=A(u, v), B=B(u, v), C=C(u, v), and D=D(u, v).
Proof. There are twelve non-isomorphic tournaments on five vertices, displayed in Figure 2.
In the figure, whenever an arc is omitted between a pair of vertices, it goes from the higher
vertex to the lower vertex, as in [13]. The number on the lower left in each box is the number
of ways of labeling that tournament’s vertices and the symbol in the lower right in each box
denotes that tournament’s automorphism group. We will call these tournaments T1 through
T12 (in the order in which they are displayed).
Let T = (V,E) be an arbitrary tournament on n vertices. Let Ai(T ) be the number
of appearances of Ti as an induced subtournament in T , for each i ∈ [12]. We will write
4
Figure 2: The 12 non-isomorphic tournaments on 5 vertices; image taken from [13].
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Ai(T ) = Ai when this will not result in any ambiguity. Note that(
n
5
)
=
12∑
i=1
Ai (6)
and
c(T, 5) = A7 + A8 + A9 + 2A10 + 3A11 + 2A12 (7)
where the coefficients on the right hand side of Equation 7 are the number of copies of 5-cycles
in the corresponding tournaments. The reader is encouraged to verify that tournaments T1
through T6 contain no directed 5-cycles, tournaments T7 through T9 each contain exactly
one, T10 and T12 each contain exactly two, and T11 contains exactly three.
As we did for
(
n
5
)
and c(T, 5) in Equations (6 and 7), we will write linear relations for
twelve quantities involving edge scores in terms of A1, A2, . . . , A12. The 12 equations involv-
ing sums of edge scores are verified in Section 4 using indicator functions. We summarize
these linear relations in the 14 by 12 matrix shown in Figure 3, in which row i of the matrix
gives the coefficients of the Ai’s so that their sum yields the sum given in item i in the
following list:
1.
∑
(u,v)∈E
(
A(u, v)
2
)
C(u, v)
2.
∑
(u,v)∈E
(
A(u, v)
2
)
D(u, v)
3.
∑
(u,v)∈E
(
B(u, v)
2
)
C(u, v)
4.
∑
(u,v)∈E
(
B(u, v)
2
)
D(u, v)
5.
∑
(u,v)∈E
(
C(u, v)
2
)
A(u, v)
6.
∑
(u,v)∈E
(
C(u, v)
2
)
B(u, v)
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7.
∑
(u,v)∈E
(
D(u, v)
2
)
A(u, v)
8.
∑
(u,v)∈E
(
D(u, v)
2
)
B(u, v)
9.
∑
(u,v)∈E
A(u, v)B(u, v)C(u, v)
10.
∑
(u,v)∈E
A(u, v)B(u, v)D(u, v)
11.
∑
(u,v)∈E
A(u, v)C(u, v)D(u, v)
12.
∑
(u,v)∈E
B(u, v)C(u, v)D(u, v)
13.
(
n
5
)
14. c(T, 5)

1 0 0 3 0 2 0 0 0 0 0 0
0 3 1 0 0 0 1 1 0 0 0 0
1 0 2 3 0 0 0 0 0 0 0 0
0 0 0 0 3 1 1 1 0 0 0 0
1 0 0 0 3 2 0 0 0 0 0 0
1 3 2 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 1 1 1 0 0
0 0 0 0 0 1 0 1 1 1 0 0
1 3 0 0 3 0 1 3 0 1 0 0
0 0 1 3 0 1 0 0 1 2 3 5
0 0 2 0 0 0 1 1 1 2 3 0
0 0 0 0 0 2 1 1 1 2 3 0
1 1 1 1 1 1 1 1 1 1 1 1
0 0 0 0 0 0 1 1 1 2 3 2

Figure 3: 14 linear relations in A1 through A12
From this matrix, we arrive at the following conclusion:
8R14 = 6R13 − 2
8∑
i=1
Ri + 2
12∑
i=9
Ri,
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where Ri is the i
th row of the matrix. This yields
8c(T, 5) = 6
(
n
5
)
−
∑
(u,v)∈E
{
2
((
A
2
)
C +
(
A
2
)
D +
(
B
2
)
C +
(
B
2
)
D
+
(
C
2
)
A+
(
C
2
)
B +
(
D
2
)
A+
(
D
2
)
B
)
− 2(ABC + ABD + ACD +BCD)
}
which is
= 6
(
n
5
)
−
∑
(u,v)∈E
{
(A2C + A2D +B2C +B2D − 2ABC − 2ABD)
+(C2A+ C2B +D2A+D2B − 2ACD − 2BCD)− 2(AC + AD +BC +BD)}
which is
= 6
(
n
5
)
−
∑
(u,v)∈E
{(C +D)(A2 − 2AB +B2)
+(A+B)(C2 − 2CD +D2)− 2(AC + AD +BC +BD)}.
Upon factoring, this yields the following identity
8c(T, 5) = 6
(
n
5
)
−
∑
(u,v)∈E
[(C+D)(A−B)2 + (A+B)(C−D)2] + 2
∑
(u,v)∈E
(A+B)(C+D),
as desired.
The sum being subtracted is nonnegative and the sum being added is a lower-order term.
Therefore,
c(T, 5) ≤ 3
4
(
n
5
)
+O(n4)
with equality if and only if∑
(u,v)∈E
[(C+D)(A−B)2 + (A+B)(C−D)2] = O(n4) (8)
Therefore, we have as corollaries to Theorem 2.1 the following bounds.
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Corollary 2.2. For all n-tournaments T ,
c(T, 5) ≤ 3
4
(
n
5
)
+
1
4
(
n
2
)(
n− 2
2
)2
.
Proof. The sum being subtracted in the statement of Theorem 2.1 is at most zero, so we
focus on the quantity ∑
(u,v)∈E
(A(u, v) +B(u, v))(C(u, v) +D(u, v)).
Recall that A(u, v) +B(u, v) +C(u, v) +D(u, v) = n−2 for each (u, v) ∈ E, so (A(u, v) +
B(u, v))(C(u, v) +D(u, v)) is maximized when A(u, v) +B(u, v) = C(u, v) +D(u, v) = n−2
2
.
Therefore
∑
(u,v)∈E
(A(u, v) +B(u, v))(C(u, v) +D(u, v)) ≤
(
n
2
)(
n− 2
2
)2
.
Corollary 2.3. For all n-tournaments T ,
c(T, 5) ≥ 3
4
(
n
5
)
− 1
2
(
n− 2
2
)∑
w∈V
(
od(w)− n− 1
2
)2
− 3
8
(
n
3
)
.
Proof. Note that
c(T, 5) ≥ 3
4
(
n
5
)
− 1
8
∑
(u,v)∈E
[(C+D)(A−B)2 + (A+B)(C−D)2], (9)
so we seek an upper bound for the sum on the right hand side of (9).
From Equations (1), (2), (3), and (4) above, we see that
A−B = od(v)− id(u), and
C−D = od(u)− od(v)− 1
We also note that C + D ≤ n − 2, A + B ≤ n − 2, and id(u) = n − 1 − od(u) for any
u ∈ V . Therefore, ∑
(u,v)∈E
[(C+D)(A−B)2 + (A+B)(C−D)2] (10)
9
is bounded above by
(n− 2)
∑
(u,v)∈E
[(od(v)−id(u))2 + (od(u)−od(v)−1)2]
= (n− 2)
∑
(u,v)∈E
[2od(v)2+id(u)2+od(u)2 − 2od(v)id(u)− 2od(u)od(v)+1− 2od(u)+2od(v))]
= (n− 2)
∑
(u,v)∈E
[2od(v)2 + id(u)2 + od(u)2 − 2(n−1) od(v) + 1− 2od(u) + 2od(v))]
= (n− 2)
∑
(u,v)∈E
[2od(v)2 + (n− 1− od(u))2 + od(u)2 − 2(n−1) od(v) + 1− 2od(u) + 2od(v))]
= (n− 2)
∑
(u,v)∈E
[2od(v)2+(n−1)2−2(n−1)od(u)+2od(u)2−2(n−1) od(v)+1−2od(u)+2od(v))]
= (n− 2)
∑
(u,v)∈E
[
2
(
od(v)−n−1
2
)2
+2
(
od(u)−n−1
2
)2
+1−2od(u)+2od(v))
]
We can translate this sum over edges to a sum over vertices. If f is any function, then
summing f(v) over all edges (u, v) means that for each time that a vertex v appears as the
terminus of a directed edge (which happens id(v) times), it contributes f(v) to the sum.
Therefore
∑
(u,v)∈E
f(v) =
∑
v∈V
id(v)f(v).
Summing f(u) over all edges (u, v) means that for each time that a vertex u appears as
the origin of a directed edge (which happens od(u) times), it contributes f(u) to the sum.
Therefore
∑
(u,v)∈E
f(u) =
∑
u∈V
od(u)f(u). Hence
∑
(u,v)∈E
2
(
od(v)−n−1
2
)2
=
∑
w∈V
2id(w)
(
od(w)− n− 1
2
)2
,
∑
(u,v)∈E
2
(
od(u)−n−1
2
)2
=
∑
w∈V
2od(w)
(
od(w)− n− 1
2
)2
,
∑
(u,v)∈E
1 =
∑
w∈V
n− 1
2
,
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∑
(u,v)∈E
2od(u) =
∑
w∈V
2od(w)2, and
∑
(u,v)∈E
2od(v) =
∑
w∈V
2id(w)od(w)
and the bound above is
= (n− 2)
∑
w∈V
[2id(w)
(
od(w)− n− 1
2
)2
+ 2od(w)
(
od(w)− n− 1
2
)2
+
n− 1
2
− 2od(w)2 + 2id(w)od(w))]
= (n− 2)
∑
w∈V
[2(n− 1)
(
od(w)− n− 1
2
)2
+
n− 1
2
− 2od(w)2 + 2id(w)od(w))]
= (n− 2)
∑
w∈V
[2(n− 1)
(
od(w)− n− 1
2
)2
+
n− 1
2
− 2od(w)(od(w)− id(w))]
= (n− 2)
∑
w∈V
[2(n− 1)
(
od(w)− n− 1
2
)2
+
n− 1
2
− 2od(w)(2od(w)− (n− 1))]
= (n− 2)
∑
w∈V
[2(n− 1)
(
od(w)− n− 1
2
)2
+
n− 1
2
− 4od(w)2 + 2(n− 1)od(w)]
= (n− 2)
∑
w∈V
[2(n− 3)
(
od(w)− n− 1
2
)2
+
n− 1
2
+ (n− 1)2 − 2(n− 1)od(w)]
= 2(n− 2)(n− 3)
∑
w∈V
(
od(w)− n− 1
2
)2
+ (n− 2)
(
n
(
n− 1
2
)
+ n(n− 1)2 − 2(n− 1)
(
n
2
))
= 2(n− 2)(n− 3)
∑
w∈V
(
od(w)− n− 1
2
)2
+ 3
(
n
3
)
as desired.
3 Generalizations and future directions
It is unexpected and exciting that c(n, k), the maximum number of directed k-cycles in an
n-vertex tournament, is asymptotically equal to the expected number of these cycles in a
11
random tournament with edge density p when k=3 and k=5, but not when k=4. A natural
next direction is to find for which k c(n, k) is asymptotically equal to the expected value,
(k − 1)!
2k
(
n
k
)
.
In finding the maximum number of 5-cycles, we made use of the fact that the (exact)
number of 5-cycles in any tournament can be written in terms of its edge score sequence
(that is, using the values A(u, v), B(u, v), C(u, v), and D(u, v) for each edge (u, v) in the
tournament). It is interesting to note that this approach will not work for computing the
number of 6-cycles in a tournament, as c(T, 6) cannot be written in terms of the edge score
sequence. It would be very interesting to find a combinatorial interpretation of the formula
for c(T, 5) written in terms of the edge score sequence; for instance,
c(T, 5) =
3
4
(
n
5
)
− 1
8
∑
(u,v)∈E
[(C+D)(A−B)2 + (A+B)(C−D)2] + 1
4
∑
(u,v)∈E
(A+B)(C+D)
as discovered above.
4 Appendix: Verification of Linear Relations
Let T = (V,E) be an arbitrary tournament with V = {1, 2, . . . , n}. For each i ∈ [12] let
Vi be the set of 5-vertex subsets of V that induce a tournament isomorphic to Ti. For each
5-vertex subset S of V , let PS be the set of permutations of S (i.e. bijections from S to S).
Define indicator functions as follows:
f(i, j) is 1 if (i, j) is an edge, and 0 otherwise.
A(i, j, k) is 1 if both i and j have k as an out-neighbor, and 0 otherwise.
B(i, j, k) is 1 if both i and j have k as an in-neighbor, and 0 otherwise.
C(i, j, k) is 1 if i has k as an out-neighbor and j has k as an in-neighbor, and 0 otherwise.
D(i, j, k) is 1 if i has k as an in-neighbor and j has k as an out-neighbor, and 0 otherwise.
Observe that for an edge (i, j), we haveA(i, j) =
∑n
k=1A(i, j, k), B(i, j) =
∑n
k=1B(i, j, k),
C(i, j) =
∑n
k=1C(i, j, k) and D(i, j) =
∑n
k=1D(i, j, k). Thus, to verify the first equation,
12
∑
(i,j)∈E
(
A(i, j)
2
)
C(i, j) =
1
2
∑
(i,j)∈E
A(i, j)A(i, j)C(i, j)− 1
2
∑
(i,j)∈E
A(i, j)C(i, j)
=
1
2
n∑
i=1
n∑
j=1
n∑
k=1
n∑
l=1
n∑
m=1
f(i, j)A(i, j, k)A(i, j, l)C(i, j,m)−1
2
n∑
i=1
n∑
j=1
n∑
l=1
n∑
m=1
f(i, j)A(i, j, l)C(i, j,m)
Notice that the terms in the first nested sum are 0, unless i, j, k, l and m are distinct or
(k = l and i, j, k and m are distinct). Thus the above expression is
=
1
2
12∑
q=1
∑
s={i,j,k,l,m}∈Vq
∑
pi∈Ps
f(pi(i), pi(j))·A(pi(i), pi(j), pi(k))·A(pi(i), pi(j), pi(l))·C(pi(i), pi(j), pi(m))
+
1
2
n∑
i=1
n∑
j=1
n∑
k=l=1
n∑
m=1
f(i, j)A(i, j, k)A(i, j, l)C(i, j,m)−1
2
n∑
i=1
n∑
j=1
n∑
l=1
n∑
m=1
f(i, j)A(i, j, l)C(i, j,m)
The nested sums on the second line of the preceding expression cancel, sinceA(i, j, l)A(i, j, l) =
A(i, j, l) for all i, j and l. Hence the preceding expression is
=
1
2
12∑
q=1
∑
s={i,j,k,l,m}∈Vq
∑
pi∈Ps
f(pi(i), pi(j))·A(pi(i), pi(j), pi(k))·A(pi(i), pi(j), pi(l))·C(pi(i), pi(j), pi(m))
Since the sum over pi ∈ Ps depends only on the isomorphism class of the tournament induced
by s, this is
=
1
2
12∑
q=1
Aq(T )
∑
pi∈PV (Tq)
f(pi(1), pi(2))·A(pi(1), pi(2), pi(3))·A(pi(1), pi(2), pi(4))·C(pi(1), pi(2), pi(5))
where the sum over pi ∈ PV (Tq) is calculated for the tournament Tq by labeling its ver-
tices with {1, 2, 3, 4, 5} from top to bottom and left to right. Note that every term in
the sum is 0 or 1, so we will list, for each of the 12 tournaments, all of the non-zero
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terms. The computer code and source file which automate this procedure can be found
at www.math.cmu.edu/~jmackey/tourn.f and www.math.cmu.edu/~jmackey/tourn5.
For T1, f(1, 3)A(1, 3, 4)A(1, 3, 5)C(1, 3, 2) = f(1, 3)A(1, 3, 5)A(1, 3, 4)C(1, 3, 2) = 1
For T4, f(1, 2)A(1, 2, 3)A(1, 2, 5)C(1, 2, 4) = f(1, 2)A(1, 2, 5)A(1, 2, 3)C(1, 2, 4) =
f(1, 3)A(1, 3, 4)A(1, 3, 5)C(1, 3, 2) = f(1, 3)A(1, 3, 5)A(1, 3, 4)C(1, 3, 2) =
f(1, 4)A(1, 4, 2)A(1, 4, 5)C(1, 4, 3) = f(1, 4)A(1, 4, 5)A(1, 4, 2)C(1, 4, 3) = 1
For T6, f(1, 2)A(1, 2, 4)A(1, 2, 5)C(1, 2, 3) = f(1, 2)A(1, 2, 5)A(1, 2, 4)C(1, 2, 3) =
f(1, 3)A(1, 3, 2)A(1, 3, 4)C(1, 3, 5) = f(1, 3)A(1, 3, 4)A(1, 3, 2)C(1, 3, 5) = 1
Hence,
∑
(i,j)∈E
(
A(i,j)
2
)
C(i, j) = A1 + 3A4 + 2A6, as desired.
To verify the second equation, we have∑
(i,j)∈E
(
A(i, j)
2
)
D(i, j)
=
1
2
12∑
q=1
Aq(T )
∑
pi∈PV (Tq)
f(pi(1), pi(2))·A(pi(1), pi(2), pi(3))·A(pi(1), pi(2), pi(4))·D(pi(1), pi(2), pi(5))
and the corresponding non-zero terms are
For T2, f(1, 3)A(1, 3, 4)A(1, 3, 5)D(1, 3, 2) = f(1, 3)A(1, 3, 5)A(1, 3, 4)D(1, 3, 2) =
f(2, 1)A(2, 1, 4)A(2, 1, 5)D(2, 1, 3) = f(2, 1)A(2, 1, 5)A(2, 1, 4)D(2, 1, 3) =
f(3, 2)A(3, 2, 4)A(3, 2, 5)D(3, 2, 1) = f(3, 2)A(3, 2, 5)A(3, 2, 4)D(3, 2, 1) = 1
For T3, f(2, 1)A(2, 1, 3)A(2, 1, 5)D(2, 1, 4) = f(2, 1)A(2, 1, 5)A(2, 1, 3)D(2, 1, 4) = 1
For T7, f(1, 2)A(1, 2, 3)A(1, 2, 4)D(1, 2, 5) = f(1, 2)A(1, 2, 4)A(1, 2, 3)D(1, 2, 5) = 1
For T8, f(1, 2)A(1, 2, 3)A(1, 2, 4)D(1, 2, 5) = f(1, 2)A(1, 2, 4)A(1, 2, 3)D(1, 2, 5) = 1
Hence,
∑
(i,j)∈E
(
A(i,j)
2
)
D(i, j) = 3A2 + A3 + A7 + A8, as desired.
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To verify the third equation, we have∑
(i,j)∈E
(
B(i, j)
2
)
C(i, j)
=
1
2
12∑
q=1
Aq(T )
∑
pi∈PV (Tq)
f(pi(1), pi(2))·B(pi(1), pi(2), pi(3))·B(pi(1), pi(2), pi(4))·C(pi(1), pi(2), pi(5))
and the corresponding non-zero terms are
For T1, f(3, 5)B(3, 5, 1)B(3, 5, 2)C(3, 5, 4) = f(3, 5)B(3, 5, 2)B(3, 5, 1)C(3, 5, 4) = 1
For T3, f(3, 5)B(3, 5, 1)B(3, 5, 2)C(3, 5, 4) = f(3, 5)B(3, 5, 2)B(3, 5, 1)C(3, 5, 4) =
f(4, 5)B(4, 5, 1)B(4, 5, 3)C(4, 5, 2) = f(4, 5)B(4, 5, 3)B(4, 5, 1)C(4, 5, 2) = 1
For T4, f(2, 5)B(2, 5, 1)B(2, 5, 4)C(2, 5, 3) = f(2, 5)B(2, 5, 4)B(2, 5, 1)C(2, 5, 3) =
f(3, 5)B(3, 5, 1)B(3, 5, 2)C(3, 5, 4) = f(3, 5)B(3, 5, 2)B(3, 5, 1)C(3, 5, 4) =
f(4, 5)B(4, 5, 1)B(4, 5, 3)C(4, 5, 2) = f(4, 5)B(4, 5, 3)B(4, 5, 1)C(4, 5, 2) = 1
Hence,
∑
(i,j)∈E
(
B(i,j)
2
)
C(i, j) = A1 + 2A3 + 3A4, as desired.
To verify the fourth equation, we have∑
(i,j)∈E
(
B(i, j)
2
)
D(i, j)
=
1
2
12∑
q=1
Aq(T )
∑
pi∈PV (Tq)
f(pi(1), pi(2))·B(pi(1), pi(2), pi(3))·B(pi(1), pi(2), pi(4))·D(pi(1), pi(2), pi(5))
and the corresponding non-zero terms are
For T5, f(3, 4)B(3, 4, 1)B(3, 4, 2)D(3, 4, 5) = f(3, 4)B(3, 4, 2)B(3, 4, 1)D(3, 4, 5) =
f(4, 5)B(4, 5, 1)B(4, 5, 2)D(4, 5, 3) = f(4, 5)B(4, 5, 2)B(4, 5, 1)D(4, 5, 3) =
f(5, 3)B(5, 3, 1)B(5, 3, 2)D(5, 3, 4) = f(5, 3)B(5, 3, 2)B(5, 3, 1)D(5, 3, 4) = 1
For T6, f(4, 5)B(4, 5, 1)B(4, 5, 2)D(4, 5, 3) = f(4, 5)B(4, 5, 2)B(4, 5, 1)D(4, 5, 3) = 1
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For T7, f(4, 5)B(4, 5, 2)B(4, 5, 3)D(4, 5, 1) = f(4, 5)B(4, 5, 3)B(4, 5, 2)D(4, 5, 1) = 1
For T8, f(4, 3)B(4, 3, 1)B(4, 3, 2)D(4, 3, 5) = f(4, 3)B(4, 3, 2)B(4, 3, 1)D(4, 3, 5) = 1
Hence,
∑
(i,j)∈E
(
B(i,j)
2
)
D(i, j) = 3A5 + A6 + A7 + A8, as desired.
To verify the fifth equation, we have∑
(i,j)∈E
(
C(i, j)
2
)
A(i, j)
=
1
2
12∑
q=1
Aq(T )
∑
pi∈PV (Tq)
f(pi(1), pi(2))·C(pi(1), pi(2), pi(3))·C(pi(1), pi(2), pi(4))·A(pi(1), pi(2), pi(5))
and the corresponding non-zero terms are
For T1, f(1, 4)C(1, 4, 2)C(1, 4, 3)A(1, 4, 5) = f(1, 4)C(1, 4, 3)C(1, 4, 2)A(1, 4, 5) = 1
For T5, f(1, 3)C(1, 3, 2)C(1, 3, 5)A(1, 3, 4) = f(1, 3)C(1, 3, 5)C(1, 3, 2)A(1, 3, 4) =
f(1, 4)C(1, 4, 2)C(1, 4, 3)A(1, 4, 5) = f(1, 4)C(1, 4, 3)C(1, 4, 2)A(1, 4, 5) =
f(1, 5)C(1, 5, 2)C(1, 5, 4)A(1, 5, 3) = f(1, 5)C(1, 5, 4)C(1, 5, 2)A(1, 5, 3) = 1
For T6, f(1, 4)C(1, 4, 2)C(1, 4, 3)A(1, 4, 5) = f(1, 4)C(1, 4, 3)C(1, 4, 2)A(1, 4, 5) =
f(1, 5)C(1, 5, 2)C(1, 5, 4)A(1, 5, 3) = f(1, 5)C(1, 5, 4)C(1, 5, 2)A(1, 5, 3) = 1
Hence,
∑
(i,j)∈E
(
C(i,j)
2
)
A(i, j) = A1 + 3A5 + 2A6, as desired.
To verify the sixth equation, we have∑
(i,j)∈E
(
C(i, j)
2
)
B(i, j)
=
1
2
12∑
q=1
Aq(T )
∑
pi∈PV (Tq)
f(pi(1), pi(2))·C(pi(1), pi(2), pi(3))·C(pi(1), pi(2), pi(4))·B(pi(1), pi(2), pi(5))
and the corresponding non-zero terms are
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For T1, f(2, 5)C(2, 5, 3)C(2, 5, 4)B(2, 5, 1) = f(2, 5)C(2, 5, 4)C(2, 5, 3)B(2, 5, 1) = 1
For T2, f(1, 5)C(1, 5, 3)C(1, 5, 4)B(1, 5, 2) = f(1, 5)C(1, 5, 4)C(1, 5, 3)B(1, 5, 2) =
f(2, 5)C(2, 5, 1)C(2, 5, 4)B(2, 5, 3) = f(2, 5)C(2, 5, 4)C(2, 5, 1)B(2, 5, 3) =
f(3, 5)C(3, 5, 2)C(3, 5, 4)B(3, 5, 1) = f(3, 5)C(3, 5, 4)C(3, 5, 2)B(3, 5, 1) = 1
For T3, f(1, 5)C(1, 5, 3)C(1, 5, 4)B(1, 5, 2) = f(1, 5)C(1, 5, 4)C(1, 5, 3)B(1, 5, 2) =
f(2, 5)C(2, 5, 1)C(2, 5, 3)B(2, 5, 4) = f(2, 5)C(2, 5, 3)C(2, 5, 1)B(2, 5, 4) = 1
Hence,
∑
(i,j)∈E
(
C(i,j)
2
)
B(i, j) = A1 + 3A2 + 2A3, as desired.
To verify the seventh equation, we have∑
(i,j)∈E
(
D(i, j)
2
)
A(i, j)
=
1
2
12∑
q=1
Aq(T )
∑
pi∈PV (Tq)
f(pi(1), pi(2))·D(pi(1), pi(2), pi(3))·D(pi(1), pi(2), pi(4))·A(pi(1), pi(2), pi(5))
and the corresponding non-zero terms are
For T3, f(4, 2)D(4, 2, 1)D(4, 2, 3)A(4, 2, 5) = f(4, 2)D(4, 2, 3)D(4, 2, 1)A(4, 2, 5) = 1
For T8, f(5, 1)D(5, 1, 2)D(5, 1, 3)A(5, 1, 4) = f(5, 1)D(5, 1, 3)D(5, 1, 2)A(5, 1, 4) = 1
For T9, f(5, 1)D(5, 1, 3)D(5, 1, 4)A(5, 1, 2) = f(5, 1)D(5, 1, 4)D(5, 1, 3)A(5, 1, 2) = 1
For T10, f(1, 3)D(1, 3, 2)D(1, 3, 5)A(1, 3, 4) = f(1, 3)D(1, 3, 5)D(1, 3, 2)A(1, 3, 4) = 1
Hence,
∑
(i,j)∈E
(
D(i,j)
2
)
A(i, j) = A3 + A8 + A9 + A10, as desired.
To verify the eighth equation, we have∑
(i,j)∈E
(
D(i, j)
2
)
B(i, j)
=
1
2
12∑
q=1
Aq(T )
∑
pi∈PV (Tq)
f(pi(1), pi(2))·D(pi(1), pi(2), pi(3))·D(pi(1), pi(2), pi(4))·B(pi(1), pi(2), pi(5))
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and the corresponding non-zero terms are
For T6, f(5, 3)D(5, 3, 2)D(5, 3, 4)B(5, 3, 1) = f(5, 3)D(5, 3, 4)D(5, 3, 2)B(5, 3, 1) = 1
For T8, f(3, 5)D(3, 5, 1)D(3, 5, 4)B(3, 5, 2) = f(3, 5)D(3, 5, 4)D(3, 5, 1)B(3, 5, 2) = 1
For T9, f(4, 5)D(4, 5, 1)D(4, 5, 2)B(4, 5, 3) = f(4, 5)D(4, 5, 2)D(4, 5, 1)B(4, 5, 3) = 1
For T10, f(4, 5)D(4, 5, 1)D(4, 5, 2)B(4, 5, 3) = f(4, 5)D(4, 5, 2)D(4, 5, 1)B(4, 5, 3) = 1
Hence,
∑
(i,j)∈E
(
D(i,j)
2
)
B(i, j) = A6 + A8 + A9 + A10, as desired.
To verify the ninth equation, we have∑
(i,j)∈E
A(i, j)B(i, j)C(i, j)
=
12∑
q=1
Aq(T )
∑
pi∈PV (Tq)
f(pi(1), pi(2))·A(pi(1), pi(2), pi(3))·B(pi(1), pi(2), pi(4))·C(pi(1), pi(2), pi(5))
and the corresponding non-zero terms are
For T1, f(2, 4)A(2, 4, 5)B(2, 4, 1)C(2, 4, 3) = 1
For T2, f(1, 4)A(1, 4, 5)B(1, 4, 2)C(1, 4, 3) = f(2, 4)A(2, 4, 5)B(2, 4, 3)C(2, 4, 1) =
f(3, 4)A(3, 4, 5)B(3, 4, 1)C(3, 4, 2) = 1
For T5, f(2, 3)A(2, 3, 4)B(2, 3, 1)C(2, 3, 5) = f(2, 4)A(2, 4, 5)B(2, 4, 1)C(2, 4, 3) =
f(2, 5)A(2, 5, 3)B(2, 5, 1)C(2, 5, 4) = 1
For T7, f(2, 4)A(2, 4, 5)B(2, 4, 1)C(2, 4, 3) = 1
For T8, f(1, 4)A(1, 4, 3)B(1, 4, 5)C(1, 4, 2) = f(2, 3)A(2, 3, 5)B(2, 3, 1)C(2, 3, 4) =
f(2, 4)A(2, 4, 3)B(2, 4, 1)C(2, 4, 5) = 1
For T10, f(3, 4)A(3, 4, 5)B(3, 4, 1)C(3, 4, 2) = 1
Hence,
∑
(i,j)∈E A(i, j)B(i, j)C(i, j) = A1 + 3A2 + 3A5 + A7 + 3A8 + A10, as desired.
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To verify the tenth equation, we have∑
(i,j)∈E
A(i, j)B(i, j)D(i, j)
=
12∑
q=1
Aq(T )
∑
pi∈PV (Tq)
f(pi(1), pi(2))·A(pi(1), pi(2), pi(3))·B(pi(1), pi(2), pi(4))·D(pi(1), pi(2), pi(5))
and the corresponding non-zero terms are
For T3, f(3, 4)A(3, 4, 5)B(3, 4, 1)D(3, 4, 2) = 1
For T4, f(2, 3)A(2, 3, 5)B(2, 3, 1)D(2, 3, 4) = f(3, 4)A(3, 4, 5)B(3, 4, 1)D(3, 4, 2) =
f(4, 2)A(4, 2, 5)B(4, 2, 1)D(4, 2, 3) = 1
For T6, f(3, 2)A(3, 2, 4)B(3, 2, 1)D(3, 2, 5) = 1
For T9, f(2, 3)A(2, 3, 4)B(2, 3, 1)D(2, 3, 5) = 1
For T10, f(2, 1)A(2, 1, 4)B(2, 1, 5)D(2, 1, 3) = f(5, 2)A(5, 2, 1)B(5, 2, 3)D(5, 2, 4) = 1
For T11, f(2, 3)A(2, 3, 5)B(2, 3, 1)D(2, 3, 4) = f(3, 4)A(3, 4, 5)B(3, 4, 1)D(3, 4, 2) =
f(4, 2)A(4, 2, 5)B(4, 2, 1)D(4, 2, 3) = 1
For T12, f(1, 2)A(1, 2, 4)B(1, 2, 3)D(1, 2, 5) = f(2, 4)A(2, 4, 5)B(2, 4, 1)D(2, 4, 3) =
f(3, 1)A(3, 1, 2)B(3, 1, 5)D(3, 1, 4) = f(4, 5)A(4, 5, 3)B(4, 5, 2)D(4, 5, 1) =
f(5, 3)A(5, 3, 1)B(5, 3, 4)D(5, 3, 2) = 1
Hence,
∑
(i,j)∈E A(i, j)B(i, j)D(i, j) = A3 + 3A4 +A6 +A9 + 2A10 + 3A11 + 5A12, as desired.
To verify the eleventh equation, we have∑
(i,j)∈E
A(i, j)C(i, j)D(i, j)
=
12∑
q=1
Aq(T )
∑
pi∈PV (Tq)
f(pi(1), pi(2))·A(pi(1), pi(2), pi(3))·C(pi(1), pi(2), pi(4))·D(pi(1), pi(2), pi(5))
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and the corresponding non-zero terms are
For T3, f(1, 4)A(1, 4, 5)C(1, 4, 3)D(1, 4, 2) = f(2, 3)A(2, 3, 5)C(2, 3, 1)D(2, 3, 4) = 1
For T7, f(1, 3)A(1, 3, 4)C(1, 3, 2)D(1, 3, 5) = 1
For T8, f(2, 5)A(2, 5, 4)C(2, 5, 3)D(2, 5, 1) = 1
For T9, f(1, 3)A(1, 3, 4)C(1, 3, 2)D(1, 3, 5) = 1
For T10, f(3, 2)A(3, 2, 4)C(3, 2, 5)D(3, 2, 1) = f(3, 5)A(3, 5, 2)C(3, 5, 4)D(3, 5, 1) = 1
For T11, f(1, 2)A(1, 2, 3)C(1, 2, 4)D(1, 2, 5) = f(1, 3)A(1, 3, 4)C(1, 3, 2)D(1, 3, 5) =
f(1, 4)A(1, 4, 2)C(1, 4, 3)D(1, 4, 5) = 1
Hence,
∑
(i,j)∈E A(i, j)C(i, j)D(i, j) = 2A3 + A7 + A8 + A9 + 2A10 + 3A11, as desired.
To verify the twelfth equation, we have∑
(i,j)∈E
B(i, j)C(i, j)D(i, j)
=
12∑
q=1
Aq(T )
∑
pi∈PV (Tq)
f(pi(1), pi(2))·B(pi(1), pi(2), pi(3))·C(pi(1), pi(2), pi(4))·D(pi(1), pi(2), pi(5))
and the corresponding non-zero terms are
For T6, f(2, 5)B(2, 5, 1)C(2, 5, 4)D(2, 5, 3) = f(3, 4)B(3, 4, 1)C(3, 4, 2)D(3, 4, 5) = 1
For T7, f(3, 5)B(3, 5, 2)C(3, 5, 4)D(3, 5, 1) = 1
For T8, f(5, 4)B(5, 4, 2)C(5, 4, 1)D(5, 4, 3) = 1
For T9, f(2, 4)B(2, 4, 1)C(2, 4, 3)D(2, 4, 5) = 1
For T10, f(1, 4)B(1, 4, 2)C(1, 4, 3)D(1, 4, 5) = f(2, 4)B(2, 4, 3)C(2, 4, 1)D(2, 4, 5) = 1
For T11, f(2, 5)B(2, 5, 4)C(2, 5, 3)D(2, 5, 1) = f(3, 5)B(3, 5, 2)C(3, 5, 4)D(3, 5, 1) =
f(4, 5)B(4, 5, 3)C(4, 5, 2)D(4, 5, 1) = 1
Hence,
∑
(i,j)∈E B(i, j)C(i, j)D(i, j) = 2A6 + A7 + A8 + A9 + 2A10 + 3A11, as desired.
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